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It is well known that every planar convex domain allows an inscribed rhomb 
with arbitrary directions of the main axes. We discuss here the corresponding 
question in higher dimensions and find that some of the results are not in com- 
plete analogy with the planar case. 
By a well-known and interesting theorem of Kakutani (see [5, 9, lo]), 
every convex body in the n-dimensional Euclidean space En has a circum- 
scribed cube. The “dual” question of finding an inscribed regular cross- 
polytope is still open, except for the plane, where an affirmative answer is 
contained, more or less explicitly, in Emch’s work [3]. In the meantime several 
additional proofs, as well as generalizations, of Emch’s results have been 
found, see, for example, Christensen [1] or, more recently, Dietschi [2]. The 
method used by these authors is based on three lemmas about inscribed 
rhombs. 
(I) Given a planar convex body C and an orthogonal pair (z, U) of 
directions, there is a rhomb R inscribed to C whose diagonals are parallel 
to u and to v. 
(2) If there are several rhombs R with the above property, then they 
are parallel to each other. 
(3) If C is strictly convex, then R is unique. 
Pucci [6] claims that the results analogous to (1) and (3) hold in all dimen- 
sions n, and then proceeds to find an inscribed regular octahedron for each 
convex body in the Euclidean space E3. Propositions 2 and 3 show, however, 
that these analogous results hold in none of the dimensions n > 3. 
For our geometric notions we follow the terminology of Grtinbaum’s 
book [4]. By ei , 1 < i < n, we denote the ith unit vector in En, ei := 
c%~kal > where & : = 1, & :== 0 for i # j. We identify Ek, k < n, with 
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the subspace lin{eI ,..., Q} of I?. Sri-l := {x: xc En, 11 x ,I = t} stands for 
the unit sphere in En, and Bn := {x: x E En, 11 x 11 < l} for the unit ball. 
We say that a convex body C in En is regular, if for each boundary point 
p E bd(C) there is a unique supporting hyperplane H of C containing p, 
and if, furthermore, H n C = {p}. Let C C EqL be a compact convex set and 
p a point of C. We call p the center of C, if 2p - C = C. If 1’ C En is a k- 
polytope we denote, for all i E {O,..,, k - 11, by Ai the set of all i- 
dimensional faces of P. Vn,k, 1 < k < n, stands for the stiefel-manifold 
of all orthogonal k-frames (uI ,..., %J, II % II = 1, (%, Uj) = 0, 1 < i # 
j < k, in En. Given ,6 = (~4~ ,..., Us) in Vn,k and a k-polytope P C En, we say 
that P is a k-rhomb in direction p, if there are positive real numbers aI ,..., Ed 
such that P is parallel to conv(‘~~u~: 1 < i < kj u {-aiui: I < i < kj). If 
ai = aj for all {i,j} C {I,..., k}, we call P a regular k-crosspolytope in 
direction p. A polytope P C En is said to be inscribed to a convex body 
C C En, if the vertex-set do(P) of P is contained in the boundary M(C) of C. 
PR~P~~ITI~N 1. Let C C En be a regular convex body. Let p = (ul ,..., UJ 
be an orthogonal n-frame. There is an n-rhomb R in direction /? inscribed to C. 
Remark. An equivalent formulation is the following: There exists an 
interior point p of C such that p is the midpoint of the linesegments in direc- 
tions uI ,..., Us of C passing through p. 
Proof of Proposition 1. Let us assume that Proposition 1 is false, for a 
body CC En and an n-frame /3. We may suppose /?I = (eI ,..., en), where ei 
is the ith unit vector in Ea. For each boundary point p E bd(C) we denote by 
T(P) E S+l the outer normal to C at p. ? bd(C) -+ S+1 is a homeomorphism, 
which we extend to a homeomorphism r: C + B%. If p is a point of C and 
u E S+l a unit vector, we denote by l(p, u) the length of the (possibly 
degenerate) line segment C n (p + {Au: A E 5!, A 2 01). For 1 < i < n, 
let &+ be the set of all points p E C for which Z(p, eJ < Z(p, -ei), and &- 
the set of all points p E C for which l(p, ei) > l(p -e<). §et &O := Si+ n ,S‘-. 
We define functions fi: Bn + II8 by fi(p) : = d(T-l(p), 5&O), if ~-l(p) G &+ 
andfi(p) := -d(T-l(p), S$), if ~-l(p) E Si-, where d(q, X) := inf{ii q - x 11: 
x E Xl stands for the distance between q E En and XC I?. The map 
f: Bn + En defined by f(p) := (fl(p),..., fn(p)) is a continuous vector field 
on Bn, and by our assumption the origin of En is not contained in the image 
off. An immediate corollary of Borsuk-Ulam’s theorem (see, for example, 
[7]) assures that there is a pointp = (pl ,...,pJ of S+l such thatj(p) = Ap, 
for some A < 0. By the construction off we find, however, that for p E P-l, 
pi > 0 is equivalent to A(p) > 0, for all i E {l,..., nj, a contradiction which 
estabhshes our proposition. 
PROPOSITION 2. For all n > 3 there are a convex body Cn C En and an 
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orthogonul n-frame ,6a e Vnsn such that no n-rhomb in direction /3n is inscribed 
to ce . 
ProoJ (4) Assume n = 3. We set p0 := (0, 0, O), pl : = (4, -1, 4), 
p2 : = (4, 1, 4), ps : = (4, 0, 8), Ca : = ccx~v{p~: 0 < i < 3); ul : = (I, 0, O), 
4 := (1/2"')(O, 1, l), u3 := (l/21j2)(0, 1, -I), /!$ := (Us, u2, Q.). If R0 is a 
3-rhomb in direction pz , inscribed to Cs , we denote its center by m(R,,) := 
(pi, p2, &. Qbviously 0 < pi < 4. Conv{pl , p2, pzj is an isosceles 
triangle D. There is exactly one 2-rhomb Sin direction (~4~ , Q) inscribed to D, 
namely a square with center m(S) = (4, 0: (14/3)). The intersection of Cs 
with the plane {x: x E E3, (x, el> = pl} is a triangle 0, similar to D, with 
wb~ ql = h , (-~i)/4, ~1, q2 = h , p1/4, PA q3 = bl ,O, 2~~). ?rh 
unique 2-rhomb inscribed to D0 is a square S? with center m(&) = 
(pl , 0, (7/6) pl). We must have m(&) = m(RO), hence p2 = 0, ps = (7/6)p1 . 
Let .Y~ and ,s2 be the endpoints of the linesegment (m(RO) + lin{ul]) n C3 . 
We have to distinguish two cases. 
(5) sl E [PO , A, & E conv{pl , p2 ,ps}. This implies (24/7) < pl < 4. 
Since m(RO) is the midpoint of [sl , s2], an easy calculation shows m(RO) = 
(U2h + x2) = (2 T (7/2‘%~, 0, (7/6) ,4, hence pl = 2 + (7/29 pl, or 
p1 = 48/17 < 2417, which is not possible. 
(6) sl c [p. , pJ, s2 E conv{pO ,pl ,p2j. As above we find, on the one 
hand, 0 < p1 < 24/7, on the other hand m(RO) = (l/2)(.s1 + .Y~) = 
((7/8) p1 , 0, (7/6) pl), hence pi = (7/8) pi , or p1 = 0, which can not be. 
(7) Assume n > 3. We set Us := ei, u2 := (l/21iz)(e2 + eJ, Us := 
(l/21j*)(e2 - e3), Us := eJc, 4 < ,% < n, /3% := (pi ,..., UJ E Vn,?*. Let IV be 
the cube IV := [o, eJ + [o, es] + ... + [o, e-1, where o is the origin of Em 
and Cn := Cs + W the Minkowski sum of W and the tetrahedron Cs 
described under (4). Denote by z-: Eqz + E3 the projection of En onto 
E3 C En for which r-l(o) = lin{ed ,..., e*J. If there were an n-rhomb R 
in direction fin inscribed to Cn , the projection T(R) would be a 3-rhomb in 
direction fi3 = (ul , u 2 , u3) inscribed to Cs, contrary to what we have shown 
in the first part of this proof. 
PROPOSITION 3. For all rt > 3 there are a regular convex body Dn C En, 
an orthogonal n-frame fls g Vn,n and two n-rhombs Rfi , & in direction /3n such 
that 
(8) Rn is not congruent to Sn, 
(9) Rn and &, are both inscribed to Dn . 
ProoJ If u E Y&-l is a unit vector in JP we denote by R(u) the ray R(u) : = 
{Au: A > O}. Let A(U) be the set of all regular n-crosspolytopes P C En with 
the following properties: 
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(IO) The center of P lies on R(U), and P does not contain the origin 0 
of En, 
(11) u is the outer normal of some facet I?(U) E An-l(P). For a polytope 
P and a facet G of P we denote by H+(P, G) the closed halfspace which is 
bounded by aff(G) and contains P. Given a~ E P-l and P e A(a) we define a 
cone K(P) by K(P) := fi {H+(P, G): G e &-l(P), G n F(u) E Lin-2(P)}, where 
F(U) is the facet of P mentioned in (I I). Clearly 0 E int K(P) for each u E P-l 
and P E A(u). We easily find polytopes Rm E A(eJ and & F A(-el) such that 
(12) Rn and ~5’~ are not congruent, but homothetic, 
(13) Rn C int K(SJ, Sn C int K(RJ. 
To do this, we only have to choose Rn and Sn suficiently far away from o, 
and not too large. Since Rn and Sn are homothetic, their main axes have the 
same direction fin E Vfi,n . We set Ta := conv(Rn U &). With the aid of (13) 
it is easy to check that IKn is an n-polytope with vertex-set do(Tn) = 
LIMO u Lo(&). By a result due to W. Weil [8, Korollar 11, there exists a 
strictly convex body Dn C Ea such that L!o(Tn) C M(I)& and ou.r proposition 
follows. 
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